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On the Number of SDR of a (t, n)-family 
GERARD J. CHANG 
A system of distinct representatives (SDR) of a family F = (AI' ... ,An) is a sequence 
(a l , • •• ,an) ofn distinct elements with a; E A; for I ~ i ~ n. Denote by N(F) the number ofSDR 
of a family F; two SDR are considered distinct if they are different in at least one component. 
F = (AI"'" An)isa(t,n)-familyiflu;EIA;1 ~ III + t for any non-emptysubsetl s; {I, ... , n}. 
A theorem of P. Hall says that N(F) ~ I iff F is a (0, n)-family. Let M(t, n) = min {N(F): F is a 
(t, n)-family}. In this paper we prove that M(I, n) = n + I and M(2, n) = n2 + n + I. We also 
determine all (t, n)-families F with N(F) = M(t, n) for t = 0, I, 2. 
1. INTRODUCTION 
A system of distinct representatives (SDR) of a family F = (AI, ... , An) is a sequence 
(ai, ... , an) of n distinct elements with a; E A; for 1 ~ i ~ n. A theorem of P. Hall [2] says 
that a family has a SDR iff the union of any k sets of this family contains at least k elements. 
Denote by N(F) the number of SDR of family F; two SDR are considered distinct if they 
are different in at least one component. Several quantative refinements of P. Hall's theorem 
were given by M. Hall [1], Rado [4] and Mirsky [3]. Their results are all under the 
assumption of P. Hall's condition plus some extra conditions on the cardinalities of A;'s. 
In this paper we extend P. Hall's theorem as follows. Let t be a non-negative integer. A 
(t, n)-family is a family F = (AI,' .. , An) satisfying I UiEIAil ~ I II + t for any non-empty 
subset I s {l, ... , n}. Let M(t, n) = min{N(F): F is a (t, n)-family}. P. Hall's theorem 
says that M(O, n) ~ 1; in fact, M(O, n) = 1. The main purpose of this paper is to determine 
M(t, n). 
Consider the (t, n)-family F* = (Af, ... , An where A~ = {i, n + 1, n + 2, ... , 
n + t} for 1 ~ i ~ n. It is an easy exercise to check that 
N(F*) = U(t, n) =± (~)(~)j!. 
}=o ) } 
So U(t, n) is an upper bound of M(t, n). We prove that M(1, n) = U(I, n) = n + 1 and 
M(2, n) = U(2, n) = n2 + n + 1. For 0 ~ t ~ 2, the (t, n)-families F with N(F) = 
M(t, n) are all determined. In particular, F* as above is the only (2, n)-family F with 
N(F) = M(t, n). We conjecture that M(t, n) = U(t, n) and F* is the only (t, n)-family F 
with N(F) = M(t, n) for all t ~ 3. 
2. THE MINIMUM NUMBER OF SDR OF (1, n)-FAMILIES 
By the result in [1], a (0, n)-family in which every set has two or more elements has at least 
two SDR. This fact, together with a straightforward induction, gives the following theorem. 
THEOREM 1. A family F = (AI' ... , An) has N(F) = 1 iff F can be permuted into 
H = (BI, ... , Bn) such that there exist n distinct elements bl , ... , bn with bi E Bi S 
{b l , •.• , b;} for 1 ~ i ~ n. 
A (I, n)-family is minimal if the deletion of any element from any of its sets results in a 
family that is not a (t, n)-family. 
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LEMMA 1. A (t, n)-family F = (AI' ... , An) with N(F) = M(t, n) is minimal if t ~ 1. 
PROOF. Suppose F is not a minimal (t, n)-family. Without loss of generality we can 
assume that E' = (AI - {x}, A2, ... , An) is a (t, n)-family for some x E AI. Then 
N(E') ~ M(t, n). On the other hand, F" = (A2 - {x}, A3 - {x}, ... , An - {x}) 
is a (t - 1, n - I)-family. By P. Hall's theorem, F" has an SDR (a2' ... , an). Hence 
(x, a2, ... , an) is an SDR of F but not E'. Then M(t, n) = N(F) > N(E') ~ M(t, n), 
which is impossible. D 
LEMMA 2. If F = (AI' ... , An) is a minimal (t, n)-family, then IAil = t + I for 
~ i ~ n and so all Ai's are distinct. 
PROOF. Suppose there is some I Ail ~ t + 2, say I All. Choose two distinct elements x 
andy of AI. By the definition ofa minimal (t, n)-family, there exist I, J <;; {2, ... ,n} such 
that lSI ~ III + t and I TI ~ IJI + t, where 
Then 
S = (U Ai) U (AI - {x}) 
lEI 
and T = (U Ai) U (AI - {y}). 
lEi 
III + t + IJI + t ~ lSI + ITI = IS u TI + IS (\ TI 
~ 1( . U Ai) U All + 1(. U Ai) U (AI - {x,y})1 
Ie/ v } IE/ n } 
if 1(\ J #- 0, 
{
I I U JI + I + t + I I (\ JI + t 
~ 
II u JI + 1 + t + IAI - {x, y}1 if 1(\ J = 0 
~ II u JI + 1 + t + II (\ JI + t = III + IJI + 2t + 1. 
This is a contradiction. Hence I Ail = t + I for 1 ~ i ~ n. If Ai = Aj for two distinct i and 
j, then t + 1 = I Ai u Ajl ~ 2 + t is a contradiction. So all A;'s are distinct. 0 
Any family F = (AI' . .. ,An) with IAil = 2 for I ~ i ~ n is equivalent to a (multi)graph 
G(F), with a vertex set V(G) = AI U ... U An and an edge set £(G) = {AI , .. . ,An}. By 
Lemma 2, for any minimal (1, n)-family F, G(F) is a simple graph. Also, the graph G(F) 
is a forest, since a cycle of length k is correspondent to k distinct sets, the union of which 
has only k elements. 
LEMMA 3. If F = (AI' ... , An) is a minimal (1, n)-family with G(F) a tree, then 
N(F) = n + 1. 
PROOF. The case of n = 1 is trivial. Suppose the lemma holds for the case of n - 1. 
Assume AI = {XI' X2} and XI is a leaf of G(F), i.e. Xl does not appear in any other Ai. Let 
F' = (A2 - {x,}, . .. ,An - {x,D for r = 1,2. Then for r = 1,2, (x" a2,· . . ,an) is an 
SDR of F iff (a2, .. . , an) is an SDR of F'. So N(F) = N(FI) + N(F2). Note that FI is 
an (1, n - 1 )-family with G(FI) a tree. By the induction hypothesis we have N(FI) = n. 
If we permute sets of F2 into such an order: Ai - {x2} is before Aj - {x2} when edge Ai 
is closer to vertex X2 than edge Aj in G(F). Then the condition in Theorem 1 holds for F2 
and so N(F2) = 1. Thus N(F) = n + 1. 0 
THEOREM 2. M(I, n) = n + 1. F is a (1, n)-family with N(F) = n + 1 ifflAil = 2 for 
1 ~ i ~ nand G(F) is a tree. 
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PROOF. The converse of the second statement follows from the fact that the number of 
vertices is greater than the number of edges by at least one in a forest. For the remaining, 
by Lemmas I, 2 and 3, we only have to prove that if F is a minimal (I, n)-farnily with 
disconnected G(F), then N(F) > n + 1. Assume G(F) has r ~ 2 components GI, ... , G, 
with n l , ••• , n, edges respectively. F can be partitioned into FI, ... , F', where Fi 
is a minimal (I, ni)-family and G(Fi) = Gi. By Lemma 3, N(Fi) = ni + 1 for 1 ~ i ~ r. 
Hence N(F) = N(F I) . .. N(r) = (nl + 1)· .. (n, + I) > nl + ... + n, + 1 = n + 1. 
So the theorem holds. 0 
3. THE MINIMUM NUMBER OF SDR OF (2, n)-FAMILIES 
In this section, we assume F = (AI' ... , An) is a (2, n)-family such that N(F) = 
M(2, n). By Lemma I, F is minimal. So, by Lemma 2, IAil = 3 for I ~ i ~ n. Assume 
U7=IAi = {l, ... , k} and PI ~ ... ~ Pb where Pi = l{j: iE Aj}1 for I ~ i ~ k. 
LEMMA 4. PI = I. 
PROOF. By counting, 3n = p, + ... + Pk. The facts that each Pi ~ I and k ~ n + 2 
imply p, ~ 2. Suppose PI = 2. Without loss of generality, assume I E AI n A 2 . For any 
x E AI - A2, consider the family r = (AI, A2 - {I} u {x}, A 3 , ••• ,An). 
If r is not a (2, n)-family, then ther exists some Ix such that 2 E Ix S; {2, ... , n}, 
x E Uiel,Ai and I UielxAil = IIxl + 2. Suppose that r is not a (2, n)-family for all 
x E A, - A2. For any two x, y E AI - A2, we have 
IIxl + 2 + IIyl + 2 = I U Ail + I U Ail ~ I. U Ail + I. U Ail 
IE/x IEly lEf>:u/y lE(.;r .... 'y 
(note that Ix n Iy #- 0). 
Therefore the equality holds. So IUielxv l,. A;I = 11< u Iyl + 2. Continue this process; then 
we have IUieKA;I = IKI + 2, where K = UxeA,-A/x· However, AI S; UeKAi. SO 
IKI + 2 = I U Ail = I U Ai U All ~ IKI + I + t. 
lEK lEK 
This is a contradiction. So there exists some zEAl - A2 such that P is a (2, n)-family. 
Next we claim that N(F) > N(P), which contradicts N(F) = M(2, n), and so the 
lemma is proved. Consider the functionffrom the set of all SDR of P to the set of all SDR 
of F as follows: 
(a" z, ... ,an) -+ (ai, I , ... , an) 
(I, z, ... , an) -+ (z, I, ... , an). 
fis clearly one to one. Note that Z E A I - A2 and PI ~ PZ' so there exists some j > 2 such 
that Z E Aj • By a similar argument as used to prove Lemma I, there is an SDR (*, I, ... , 
Z, ... ) of F. This SDR is not anf-image of an SDR of P; thusfis not subjective. Then 
N(F) > N(P). 
THEOREM 3. M(2, n) = n2 + n + l. A (2, n)-family F has N(F) = M(2, n) iff F is 
isomorphic to F* defined in section 1. 
PROOF. The theorem is clearly true for n = I. Suppose it is true for n - I. Suppose F 
is a (2, n)-family such that N(F) = M(t, n). By Lemma 4, PI = l. Assume AI = {I, 2, 3}. 
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Let F' = (A2 {r}, ... , An - {r}) for r = 1,2,3. Note that FI is a (2, n - I)-family 
and F2 and F3 are (I, n - I)-families. By the induction hypothesis and Theorem 2, we have 
N(F) = N(FI) + N(F2) + N(F3) ~ (n - 1)2 + (n - I) + I + n + n = n2 + n + 1. If 
the equality holds, then F2 and F3 are minimal (I, n - I)-families. This is possible only 
when {2, 3} s;; Ai for 2 ~ i ~ n. Therefore F is equivalent to F*. 0 
We close this paper by the following conjecture: M(t, n) = U(t, n) and F* is the only 
(t, n)-family F with N(F) = M(t, n) for t ~ 3. 
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